Abstract: New types of maximal symplectic partial spreads are constructed.
Background
The letter q will always denote a prime power, while n, m, k, s and i will be integers. See [26] for the standard properties of the symplectic and orthogonal vector spaces used here. We name geometries using their isometry groups. We will be concerned with singular vectors and totally singular (t.s.) subspaces of orthogonal spaces, and totally isotropic (t.i.) subspaces of symplectic spaces. A subspace of an orthogonal space is anisotropic if it contains no nonzero singular vector -and hence has dimension ≤ 2. In characteristic 2, an orthogonal vector space is also a symplectic space, t.s. subspaces are also t.i. subspaces, and the set of singular vectors in a t.i. subspace is a t.s. subspace of codimension 1.
in a member of Σ. If V is a 2n-dimensional symplectic or orthogonal vector space, a symplectic or orthogonal partial spread Σ is a partial spread consisting of t.i. or t.s. n-spaces; Σ is a symplectic or orthogonal spread if every vector or every singular vector is in a member of Σ. This paper concerns maximal symplectic or orthogonal partial spreads: maximal with respect to inclusion. In some situations we will even obtain symplectic maximal partial spreads: maximal partial spreads that happen to be symplectic.
Two symplectic partial spreads are equivalent if there is a semilinear automorphism of the symplectic geometry sending one partial spread to the other. If Σ is a set of subspaces of an Sp(2n, q)-space, then Sp(2n, q) Σ is its set-stabilizer in the symplectic group Sp(2n, q). There are similar definitions for orthogonal spaces and for the automorphism group of a symplectic or orthogonal partial spread.
Maximal partial Sp(4m, q)-spreads
Our most general result is the following We begin with notation. Let F = q 2m ⊃ E = q m ⊃ K = q , with trace map T : F → K, so that T(xy) is a nondegenerate symmetric K-bilinear form on F. By dimension arguments, the E-subspace {x ∈ F | T(xE) = 0} is θE for some θ ∈ F.
Equip the K-space V = F 2 with the nondegenerate alternating K-bilinear form f ((x, y), (x , y )) :=
T(xy ) − T(x y). Then V is an Sp(4m, q)-space.
Let Σ be the desarguesian symplectic spread of V consisting of the t.i. 2-spaces [x = 0] and [y = ax] for a ∈ F. Let Z ⋆ < V be the t.i. 2m-space (E, θE) = E ⊕ θE (which is t.i. since T(EθE) = 0).
Let Σ ⋆ ⊂ Σ consist of the members of Σ met nontrivially by Z ⋆ (namely, the 2m-spaces [x = 0] and [y = aθx] for a ∈ E). We need information concerning some transversals of Σ ⋆ : Since Z ∩ [y = aθx] (for a ∈ E) consists of the vectors (u, aθu) with u ∈ U, we see that W = θU (using a = 1) and W is closed under multiplication by elements of E. Then W is an E-subspace of F. Let U = αE, α ∈ F * , so that W = θαE. Then 0 = T(UW) = T(αθαE), so that α 2 θ ∈ θE. Thus, there are (2, q − 1) choices for the coset αF * ∈ F * /E * , and hence also (2, q − 1) choices for Z = (U, W) = (αE, θαE).
This argument reverses: if the coset αE * has order at most 2, then Z := (αE, θαE) is a t.i. 2m-space that meets each member of Σ ⋆ in an m-space. Moreover, each member of Σ − Σ ⋆ has 0 intersection with Z.
Finally, if there are two such subspaces Z ⋆ = (E, θE) and (αE, θαE), then α ∉ E and these have intersection 0.
2
Proof of Theorem 3.1. Let Σ and Σ ⋆ be as above. By the lemma, there are t.i. 2m-spaces Z (if q is even) or Z, Z (if q is odd) such that Σ ⋆ is the set of elements of Σ met nontrivially by either of these 2m-spaces. Then
is a symplectic partial spread of size q 2m − q m + (2, q − 1). Maximality: Suppose that X is a t.i. 2m-space meeting each member of Σ • in zero. Since Σ is a spread, the set Σ X of members of Σ meeting X nontrivially must be contained in Σ ⋆ . If (⋆) Σ X = Σ ⋆ and dim X ∩ Y = 0 or m for each Y ∈ Σ, then X = Z or Z by Lemma 3.2, which contradicts the fact that X ∉ Σ • .
We count in order to prove (⋆). Let a i be the number of Y ∈ Σ such that dim X ∩ Y = i, where 1 ≤ i ≤ 2m−1. Since the intersections X ∩ Y produce a partition of X − {0},
There cannot be two subspaces of X of dimension > m and ≥ m having zero intersection. Thus, if a k ̸ = 0 for some k > m then a k = 1 and a i = 0 whenever m ≤ i ≤ 2m − 1, i ̸ = k. This produces the contradiction
. Then a i = 0 for i < m and a m = q m + 1, as required.
Remarks 3.3. When 2m = 4 the theorem is a special case of [5; 28] 
Orthogonal spreads
Let V be an O + (4m, q)-space (for even q and 4m ≥ 8) with quadratic form Q. Then V has an orthogonal spread Σ (first proved in [11] , then rediscovered in [12] ; cf. [16; 18] ), and |Σ| = q 2m−1 + 1. This leads to our simplest examples: Proposition 4.1. Σ is a maximal partial spread of size q 2m−1 + 1, and is symplectic.
Proof. For even q, t.s. subspaces are also t.i., so Σ is symplectic. Maximality: since 2m > 2, the quadratic form induced by Q on any 2m-space has a nontrivial zero. Thus, every 2m-space has nonzero intersection with some member of Σ. [20] ).
Remark 4.3.
If m > 3 then there is a maximal symplectic partial spread in V of size q 2m−1 + 1 that is not equivalent to an orthogonal spread. For, let X ∈ Σ, let H be a hyperplane of X and let z ∈ H ⊥ be nonsingular. Then it is not difficult to check that (Σ − {X}) ∪ {⟨H, z⟩} behaves as stated. Proof. We are given an F-space V equipped with a quadratic form Q and associated bilinear form f(, ); both forms have values in F not in E. The symbol ⊥ will refer to the F-space V, while ⟨ ⟩ L refers to spanning an L-subspace for L = E or F. For i = 1, . . . , k + 1, we will construct E-linearly independent vectors x 1 , . . . , x i ∈ X and an E-subspace X i such that ⟨x 1 , . . . ,
Then x 1 ∈ X 1 (since q is even and hence V is symplectic) and
For induction, let 1 ≤ i ≤ k and assume that we have x 1 , . . . , x i and X i . Then
Since ⟨x 1 , . . . , x k+1 ⟩ E is in ⟨x 1 , . . . , x k+1 ⟩ ⊥ E ∩ X and has size q k+1 > |F|, the additive map ⟨x 1 , . . . , x k+1 ⟩ E → F obtained by restricting Q has nonzero kernel.
2
Remarks 4.5. The preceding argument did not require anything about the nature of the quadratic form, which could even have a large radical.
Although the argument used the fact that all vectors are isotropic, it can still be used for unitary spaces and orthogonal spaces of odd characteristic. One minor difference is that we need to know that X i has an isotropic vector x i+1 ∈ X i − ⟨x 1 , . . . , x i ⟩ E . This is clear if X i is the span of its isotropic vectors; and that holds unless X i / rad X i is anisotropic, hence of dimension 1 or (in the orthogonal case) 2. Thus, there is a choice x i+1 for each i if we replace the condition |X| > q k 2 +k by |X| > (q 2 ) k 2 +k+1 for unitary spaces and by |X| > q k 2 +k+2
for orthogonal spaces. These observations do not, however, lead to useful unitary or odd characteristic orthogonal analogues of the next theorem: unfortunately, there is no unitary spread in dimension ≥ 6 [27] and no known odd characteristic orthogonal spread in dimension > 8. In any case let W be the t.s. 2m-space containing Y 0 having the same type as the members of Σ. By maximality, Σ∪ {W} is not an orthogonal partial spread, so that W∩ X ̸ = 0 for some
This contradicts the fact that Σ ∪ {Y} is a partial spread. Proof. (i) The preceding example produces a maximal symplectic partial spread Σ of an Sp(4, q k )-space V that is also a maximal orthogonal partial spread, and |Σ| = q k + 1. Viewed over q (using a trace map T as in the proof of Theorem 4.6) the set Σ again is an orthogonal partial spread. It is a maximal symplectic partial spread by [13] , and hence also a maximal orthogonal partial spread. We include slightly more detail: in [13] the q -space ( 2 q k ) 2 is equipped with the alternating bilinear form
(ii) Choose any Z ∈ Σ. Obtain a new symplectic partial spread Σ • by removing Z and then, for each 1-dimensional q k -subspace W of Z, adjoining one 2-dimensional t.i. q k -subspace that contains W and is different from both Z and the member of Σ † containing W. This produces a maximal symplectic partial spread of the q k -space V [5, Remark 2.12(2)].
In fact Σ • is also a maximal symplectic partial spread of the q -space V. For, let X be a t.i. 2k-dimensional q -subspace of V having zero intersection with all members of Σ • . By (i), X has nonzero intersection with some member of Σ, which therefore must be Z. Then X has nonzero intersection with some q k -point W of Z and hence with the adjoined q k -space in Σ • containing W, which is a contradiction.
The proof of (i) in [13] uses a neat computational idea. It would be interesting to have a more geometric proof.
Example 5.3. Theorem 5.2(i) points to a general construction (compare Remarks 7.8). Let V = 4m
q be an orthogonal, symplectic or unitary space. Let X and Y be t.i./t.s. 2m-spaces with zero intersection, and let Σ X be a partial spread (of m-spaces) of X. Each A ∈ Σ X determines another m-space A := A ⊥ ∩ Y, and A + A is a t.i./t.s. 2m-space. Then Σ := {A + A | A ∈ Σ X } is a partial spread of the same type as the underlying space V.
When Σ X is a maximal partial spread (or even a spread), some of these partial spreads may be maximal orthogonal, symplectic or unitary partial spreads of size q m + 1 (as in Theorem 5.2(i) and Theorem 7.7), but we do not see how to prove that. (See Question 7.6 for instances of such symplectic partial spreads that are not maximal. As noted earlier, there is no unitary spread in dimension ≥ 6 by [27] .)
Projections
Let q be even. A key ingredient of [16; 17; 18] is the fact that there is a natural transition between O + (4m, q)-spreads and Sp(4m − 2, q)-spreads. This uses any nonsingular point z of an O + (4m, q)-space and projects into the symplectic space z ⊥ /z. This procedure also applies to orthogonal and symplectic partial spreads: 
Proof. (i) Σ/z is a symplectic partial spread:
If X and Y are distinct members of Σ and ⟨z ⊥ ∩ X, z⟩∩ ⟨z ⊥ ∩ Y, z⟩ ̸ = z, then z ∈ ⟨x, y⟩ for some points x ∈ z ⊥ ∩ X, y ∈ z ⊥ ∩ Y. Then x and y are perpendicular to z and hence to one another, so that ⟨x, y⟩ is t.s. whereas z is nonsingular.
Maximality: Suppose that (Σ/z) ∪ {U/z} is a larger symplectic partial spread for some t.i. 2m-space U of V containing z. Let U 0 be the hyperplane of U consisting of singular vectors. The members of Σ all have the same type (cf. Section 2). LetÛ be the t.s. 2m-space of that type containing U 0 . ThenÛ meets each X ∈ Σ in at most a 1-space and hence only in 0 (by Section 2, 1 ≥ dim(Û ∩ X) ≡ 2m (mod 2) and henceÛ ∩ X = 0). Thus, Σ ∪ {Û} is an orthogonal partial spread properly containing Σ, whereas Σ is assumed to be maximal.
(ii) Choose a type of t.s. 2m-space of V. If U/z ∈ Σ let U 0 be the hyperplane of singular vectors of the t.i. 2m-space U, and letÛ be the t.s. 2m-space containing U 0 of the chosen type. Then the set Σ consisting of these subspacesÛ is an orthogonal partial spread: since distinct members of Σ meet in at most a 1-space and have the same type they have intersection 0. Clearly Σ = Σ/z.
Maximality: If Σ + is an orthogonal partial spread properly containing Σ, then Σ + /z properly contains Σ/z = Σ , whereas Σ is maximal.
The final statement follows from Lemma 4.9.
(iii) As a consequence of Witt's Lemma [26, p. 57] , an equivalence from Σ/z to Σ 1 /z 1 lifts first to z ⊥ → z
and then to an automorphism of the orthogonal geometry on V sending z → z 1 and Σ → Σ 1 . The converse is clear.
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By (iii), a maximal orthogonal partial spread Σ produces many inequivalent maximal symplectic partial spreads for different choices of z, where the number of inequivalent ones requires knowledge of the automorphism group of Σ. This was crucial in [16; 17; 18] .
Theorem 6.2. If k ≥ 2 then there is a maximal partial
Proof. Use Lemma 6.1(i) and Theorem 5.2(i). Proof. Use Lemma 6.1(i) and Theorem 4.6.
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Example 6.4. By Lemma 6.1(ii), the set of sizes of maximal partial Sp(6, 4)-spreads is contained in the set of sizes of maximal partial Sp(8, 4)-spreads. This can be compared with the list in [13] .
8-dimensional partial spreads
In O + (8, q)-spaces, triality [29] allows us to use more easily visualized points and partial ovoids in place of partial spreads: a triality map sends orthogonal (partial) ovoids to orthogonal (partial) spreads. We will use this to produce maximal partial Sp(8, q)-spreads when q is even.
8-dimensional ovoids
Spreads and ovoids are known in O + (8, q)-spaces when q is prime, a power of 2 or 3, or ≡ 2 (mod 3) (some of these ovoids are described in [15] ). They have size q 3 + 1. 
Proof.
Clearly Ω • is an orthogonal partial ovoid. If b is a singular point not perpendicular to any member of We can imitate the preceding result and remove several sets a ⊥ ∩ Ω by using a specific type of ovoid. Proof. As in Theorem 7.2 we will construct maximal orthogonal ovoids. Since this the only part of this paper involving detailed computations, those computations have been postponed to Appendix B.
For the ovoid Ω in Appendix B, Example B.13(i) provides us with many sets S of s singular points disjoint from Ω together with the sizes | ⋂ p∈S p ⊥ ∩ Ω| for all S ⊆ S. Then
The same argument can be used for Example B.13(ii), producing the stated additional maximal orthogonal partial spreads. Use Lemma 4.9 for the final assertion.
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The preceding proof should be compared to the proofs of Theorem 7.13 and the more elementary Theorem 9.1. In those proofs the needed intersection sizes are known for simple geometric reasons. Here there does not seem to be a geometric explanation for the various intersection sizes occurring in Appendix B.
4-and 5-dimensional orthogonal ovoids
The next 8-dimensional partial spreads (in Theorem 7.7) arise from small-dimensional ovoids. Proof. Once again we will show that each point x of V is perpendicular to some point in Ω. We may assume that U := ⟨Ω⟩ ̸ ≤ x ⊥ , so that H := x ⊥ ∩ U is a hyperplane of U. By the preceding example, we may also assume that U is not of type O − (4, q).
If H has type O + (4, q) then H contains a t.s. line, and each t.s. line of U meets each ovoid of U (by definition; cf. Section 2).
If H has type O − (4, q) then its set Λ of singular points is a classical quadric. Then Λ ∩ Ω ̸ = 0 by [1; 3] .
Thus, H is degenerate. If there is a singular point y in its radical rad H, then every t.s. line of U on y meets Ω at a point perpendicular to y.
Finally, if rad H is a nonsingular point then q is even and the radical r of U is in H (since all hyperplanes of U not containing its radical are nonsingular). Let "bar" denote the projection map U → U/r. Then H is a tangent or secant plane of the ovoid Ω in the 4-space U, so that H contains 1 or q + 1 points of Ω. If T/r is one of these points, then the line T has a unique singular point, and this lies in both H ≤ x ⊥ and Ω. If q is even then the only known choices for Ω in Lemma 7.5 are an elliptic quadric (Example 7.4) and a Suzuki-Tits ovoid (cf. Appendix C). The stated groups arise from subgroups of Ω + (8, q) acting on Ω.
The various partial spreads are inequivalent as orthogonal partial spreads, since the corresponding maximal orthogonal partial ovoids Σ τ −1 = Ω are inequivalent.
In order to prove symplectic inequivalence in (ii), we use the isomorphism of Sp (8, q) and O(9, q) geometries. We may assume that the partial spreads in (iia) and (iib) lie in hyperplanes of an O(9, q)-space. They span these hyperplanes (two members of a partial spread already span). Hence, an element of ΓO(9, q) sending one of our partial spreads to the other one respects the orthogonal geometries of these hyperplanes. We just saw that this is not the case.
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Remarks 7.8. We excluded q = 2 in (iib) since that produces the same partial spread as in (iia). Part (iia) is a very special case of a result of Grassl (cf. Theorem 5.2). Is there an analogous generalization of (iib)?
Note that Sp(8, q) Σ contains subgroups SL(2,
In both (i) and (ii) there are t.s. 4-spaces X, Y such that the members of Σ meet X and Y in spreads of each (cf. Example 5.3).
See [22] for a survey of O(5, q)-ovoids.
Extending a partial spread
How can one search for maximal symplectic partial spreads? One obvious answer is to start with a symplectic or orthogonal partial spread and try to extend it to a maximal one (this was the computational method used to produce the table in [13] ). The instances considered below may have extensions to maximal ones other than the ones we provide. Once again, points are easier to deal with than subspaces. If Ω and Ω are the sets of singular points of U and U , respectively, we claim that
behaves as stated in the lemma. Clearly,
Orthogonal partial ovoid: x ⊥ ∩ U = p ⊥ ∩ U = E has only one singular point p, and p ∉ Ω • . Suppose that there are perpendicular singular points y ∈ Ω − E and y ∈ Ω − E . Since y ∈ U < E ⊥ and y < E ⊥ , while E and E are perpendicular, we obtain to the contradiction that ⟨y, E⟩ = U and ⟨y , E ⟩ = U are perpendicular.
Maximality:
Suppose that h is a singular point such that h ⊥ ∩ Ω • = 0. Then h ⊥ ∩ U is a hyperplane of U and hence contains a singular point, which must be p. Proof. Applying triality to the proposition proves the first part, while Lemma 4.9 implies the second part. 2
When q is even, Theorem 5.2(ii) contains another maximal symplectic partial spread of size 2q 2 + 1 that need not be orthogonal.
Note that these examples, and others in this section, would have been more awkward to describe using t.s. 4-spaces instead of points.
Suzuki-Tits ovoids
Another example of an orthogonal partial ovoid is (Ω − {p}) ∪ {x}, where p is a point of a Suzuki-Tits ovoid Ω in an O(5, q)-space U and x ∉ U is a singular point in (p ⊥ ∩ U) ⊥ − U ⊥ (cf. Appendix C). This time it is easier to extend this to a maximal orthogonal partial ovoid of an O + (8, q)-space. In the next section we will see further advantages of Ω over an elliptic quadric. Proof. By triality and Lemma 4.9, we need to construct a maximal orthogonal partial ovoid of the stated size in an O + (8, q)-space V containing U. The radical r of U is also the radical of the 3-space U ⊥ , and
Each singular point in the 4-space (p ⊥ ∩ U) ⊥ lies on a t.s. line containing p and meeting U ⊥ in one of its q + 1 singular points.
For each singular point x 0 in U ⊥ let x be any point in ⟨p, x 0 ⟩ − {p, x 0 }. Let X be the resulting set of q + 1 points x. We claim that Ω • := (Ω − {p}) ∪ X behaves as required. Clearly, |Ω • | = q 2 + q + 1.
Orthogonal partial ovoid: x
No two members of X are perpendicular since no two singular points in U ⊥ are.
Maximality: Suppose that h is a singular point such that
so that h lies on one of the above lines ⟨p, x 0 ⟩, whereas h ⊥ ∩ X = 0. 
Smaller maximal partial spreads using Suzuki-Tits ovoids
We will describe counterexamples to Grassl's conjecture, which was stated in the Introduction. Grassl has also found counterexamples to his conjecture in an Sp (8, 8) -space by using a computer search. Proof. In view of triality and Lemma 4.9, it suffices to construct a maximal partial O + (8, q)-ovoid of size q 2 − q + 1. We use the notation in Section 7.3.2 and Appendix C.
Let Ω be a Suzuki-Tits ovoid in an O(5, q)-space U.
and Ω • is an orthogonal partial ovoid of U and hence of V.
Maximality:
Suppose that h is a singular point of V such that h ⊥ ∩ Ω • = 0. We will consider the possibilities for the hyperplane h ⊥ ∩ U of U in Lemma C.1. We have
whereas h is assumed not to be perpendicular to x ∈ Ω • . Case 2. |h ⊥ ∩ Ω| = q + 1. Since h ⊥ ∩ Ω ⊆ x ⊥ ∩ Ω for sets of size q + 1, we have h ⊥ ≥ ⟨h ⊥ ∩ Ω⟩ = ⟨x ⊥ ∩ Ω⟩. Since x ⊥ ∩ Ω projects into a plane of U/r we are in the situation of Lemma C.1(ii). Then ⟨x ⊥ ∩ Ω⟩ = x ⊥ ∩ U by the end of Lemma C.1(ii). Now h ∈ ⟨x, U ⊥ ⟩ ≤ x ⊥ , which produces the same contradiction as before.
Case 3. 1 < |h ⊥ ∩ Ω| < q + 1. Since h ⊥ ∩ Ω lies in a set x ⊥ ∩ Ω that projects into a plane of U/r, this contradicts the irreducibility in Lemma C.1(iii).
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We can go further (mimicking the proofs of Theorems 7.3 and 9.1): Theorem 7.13. An O + (8, q)-space has a maximal orthogonal partial spread of size q 2 − sq + 2s − 1 whenever q = 2 2e+1 and 1 < s ≤ √q/2 − 1. Each of these is a maximal partial symplectic spread.
In particular, there is a maximal partial Sp(8, q)-spread of size q 2 − √q 3 /2 + q + √2q − 3.
Proof. Once again we will construct maximal partial O + (8, q)-ovoids. Let Ω, U, V and r = rad U be as before.
Choose distinct a, b ∈ Ω. Then {a, b} ⊥ ∩ U is a nondegenerate plane containing r whose q + 1 singular points x form a conic. These points produce q + 1 subspaces ⟨x, a, b, r⟩ = x ⊥ ∩ U that induce a partition of Ω − {a, b} using q + 1 circles Ω x := x ⊥ ∩ Ω of the inversive plane I(Ω) determined by Ω [10, Section 6.4]. Let S be any set of s singular points x ∈ {a, b} ⊥ . We will show that
is a maximal partial ovoid of the stated size.
Partial ovoid:
If x ∈ S then Ω x = x ⊥ ∩ Ω was replaced by x, and all such x lie in a conic of {a, b} ⊥ ∩ U.
Maximality: Suppose that h is a singular point of
Then h ∈ ⟨p, U ⊥ ⟩ ≤ x ⊥ , whereas h is assumed not to be perpendicular to x ∈ Ω • . Case 2. h ⊥ ∩ Ω is a circle of I(Ω). If h ⊥ ∩ Ω contains {a, b} then h ⊥ ∩ Ω = Ω x ⊂ x ⊥ for some x ∈ S since the circles Ω y , y ∈ {a, b} ⊥ , induce a partition of Ω − {a, b}. Then h ⊥ contains ⟨Ω x ⟩ = x ⊥ ∩ U by Lemma C.1(ii), which again produces the contradiction h ∈ ⟨x, U ⊥ ⟩ ≤ x ⊥ .
If h ⊥ ∩ Ω does not contain {a, b} then it meets each circle Ω x , x ∈ S, in at most two points. This produces the contradiction q + 1 = |h ⊥ ∩ Ω| ≤ 2|S| = 2s.
Case 3. h ⊥ ∩ Ω is an orbit of a cyclic group T < G of order |h ⊥ ∩ Ω| = q ± √2q + 1 (Lemma C.1(iii)). Note that |T| divides q 2 + 1 and hence is relatively prime to q(q − 1), the order of the stabilizer in G of a circle [25, Theorem 9] . Thus, given circles C 1 and C 2 , at most one element of T can send C 1 to C 2 .
For each t ∈ T we have h
, involving two sets of s circles: {Ω x | x ∈ S} and {Ω t x | x ∈ S}. For an ordered pair x, y of distinct elements of S there is at most one such t ̸ = 1 with Ω t x = Ω y . Thus, if we choose t to be one of at least |T| − 1 − s(s − 1) ≥ q − √2q − s(s − 1) > 0 elements of T that do not behave this way for all x, y, then we will have two disjoint sets of s circles, with the union of each set containing h ⊥ ∩ Ω. Since distinct circles meet in at most two points, q ± √2q + 1 = |h ⊥ ∩ Ω| ≤ s ⋅ s ⋅ 2, which is not the case.
Case 4. Λ := h ⊥ ∩ Ω has size q + 1 but is not a circle, and its stabilizer in G has a cyclic subgroup T of order q − 1 fixing two points c, d and transitive on Λ − {c, d} (Lemma C.1(iv)). By Remark C.2(ii), given circles C 1 and C 2 , at most one element of T can send C 1 to C 2 unless C 1 = C 2 is one of the two circles fixed by T.
We have Λ − {c, d} ⊆ ⋃ x∈S Ω x and Λ − {c, d} ⊆ ⋃ y∈S Ω t y whenever 1 ̸ = t ∈ T. If Ω t y arises from two such t then Ω y is one of the two circles fixed by T (by Remark C.2(ii)), and Ω y − {c, d} and Λ − {c, d} are disjoint; then Ω y is not needed for our union of Ω x to contain Λ − {c, d} and hence can be deleted. After at most two T-invariant circles have been deleted, we can choose one of at least |T| − 1 − s(s − 1) = q − 2 − s(s − 1) > 0 elements t ∈ T such that Ω t x ̸ = Ω y for all remaining Ω x , Ω y (with x, y ∈ S). Then we obtain two disjoint sets of at least s − 2 circles with the union of each set containing Λ − {c, d}. This produces the contradiction
We have proved, more generally, that Ω • is a maximal partial ovoid of any nonsingular orthogonal q -space containing U, since every hyperplane of U has nonempty intersection with Ω • (cf. Question 7.6).
Sp(6, q)-space consequences
Theorem 7.14. For even q > 2, an Sp(6, q)-space has maximal symplectic partial spreads of size Proof. Use Lemma 6.1(i) together with Theorems 7.2, 7.7, 7.10, 7.11, 7.12, 7.13 and 7.3.
6-dimensional partial spreads
We again consider arbitrary characteristic. In characteristic 2 the examples in the next theorem already appear in Theorem 7.14(i), but here we use an entirely different method to prove maximality. Proof. In an Sp(6, q)-space let Σ be a desarguesian spread preserved by G = SL(2, q 3 ) = Sp(2, q 3 ) < Sp(6, q). Let X ∈ Σ. Let U be a t.i. 3-space such that U ∩ X = L is a line. If Σ U is the set of members of Σ met nontrivially by U, then we will show that Σ • := (Σ − Σ U ) ∪ {U} is a maximal symplectic partial spread of size q 3 − q 2 + 1.
If U meets Y ∈ Σ − {X} nontrivially then U ∩ Y must meet U ∩ X = L trivially and hence is a point; the number of such points is the number |Σ − {X}| = q 2 of points in U not in L. Thus, |Σ U | = q 2 + 1 and Σ • is a symplectic partial spread of size q 3 + 1 − q 2 .
The set-stabilizer G X of X has order q 3 (q 3 − 1). It has an abelian normal subgroup Q of order q 3 inducing 1 on X and a cyclic subgroup S of order q 3 − 1 transitive on X − {0} and hence also on the q 2 
Since Q is transitive on Σ − {X} it is transitive on the q 3 points in {L ⊥ ∩ Y | Y ∈ Σ − {X}}, and hence also on the q t.
Clearly, W meets each member of Σ in 0, a point or a line. Since W has q 2 + q +1 > |Σ U | ≥ |Σ W | points, some intersection is a line, and it is unique (since two lines of W would meet nontrivially). Thus, W arises in the same manner as U, and G W acts on Σ W = Σ U .
Since
Since the q nontrivial orbits of Q [L] on Σ correspond to the t.i. 3-spaces ̸ = X containing L, we cannot have W ∩ X = L. However, the cyclic group S is transitive on the lines L of X and (by conjugation) on the corresponding subgroups Q [L] . Then Q [W∩ X] and Q [L] are distinct subgroups of order q 2 . They generate a subgroup of Q of order > q 2 = |Σ X | − 1, which is a final contradiction. (ii) For even q an Sp(4, q)-space has a maximal partial spread of size q 2 −sq+2s−1 whenever 1 ≤ s < (q+1)/2.
Proof. We will construct maximal partial O(5, q)-ovoids. Let Ω be an O − (4, q) ovoid in a 4-dimensional subspace U. Choose distinct a, b ∈ Ω, so that the set C of singular points in ⟨a, b⟩ ⊥ is a conic.
(i) If x ∈ C then Ω x := x ⊥ ∩ Ω is a conic in the nondegenerate 3-space ⟨x ⊥ ∩ Ω⟩. The line Ω ⊥ x contains exactly two singular points x, x for a fixed-point-free involution x → x of C, and Ω x = Ω x .
Let S be any set of s < (q + 1)/2 points x ∈ C such that the conics Ω x , x ∈ S, are distinct (i.e., S ∩ S = 0).
Orthogonal partial ovoid: If x ∈ S then Ω x was replaced by the subset {x, x } of the conic C. If
Maximality: Suppose that h is a singular point such that
which has just one singular point p, whereas p ∈ Ω is either in Ω • or is perpendicular to some x ∈ S.
Thus, h ⊥ ∩ Ω is a circle. If h ⊥ ∩ Ω = Ω x with x ∈ S, then h ∈ Ω ⊥ x = ⟨x, x ⟩, whereas h ∉ {x, x }. Thus, h ⊥ ∩ Ω is a circle lying in the union of s circles of I(Ω), each of which it meets at most twice. This produces the contradiction q + 1 = |h ⊥ ∩ Ω| ≤ 2s.
(ii) This is proved as above but is simpler: if x is a singular point in {a, b} ⊥ then (x ⊥ ∩ Ω) ⊥ contains just one singular point; no permutation x → x is involved. The proof in that paper shows that this is a maximal partial ovoid in Sp(2m, q)-space for all m ≥ 2.
This partial ovoid is the set of points in
Dualizing [26, p. 196 ] produces a maximal symplectic partial spread of size 3q − 1 in Sp(4, q)-space for even q ≥ 4. Example 9.3. For arbitrary q there are integer intervals that consist of sizes of maximal Sp(4, q) partial spreads [24; 23] . While the ideas used in those papers resemble much more intricate versions of those in the theorem, it is not clear whether those papers contain the above examples.
Example 9.4. There is a maximal partial spread of size q 2 − 1 in Sp(4, q)-space for q ∈ {3, 5, 7, 11}. This is constructed using a subgroup of Sp(2, q) = SL(2, q) sharply transitive on 2 q − {0} [21; 9; 6]. It is contained in the non-symplectic spread of 4 q corresponding to the associated affine irregular nearfield plane.
Concluding remarks
The preceding examples make it clear that there are rather few known types of maximal symplectic partial spreads. There are amazingly few known types in odd characteristic, especially in view of the tables in [5; 13] . We mentioned a number of symplectic partial spreads whose maximality has yet to be decided. Other examples are in [19, Theorem 1.2] and [8] : if q is odd then an Sp(8, q)-space has an SL(2, q 3 )-invariant partial spread of size q 3 + 1 that is fundamental for the existence of a 3 D 4 (q) generalized hexagon. This symplectic partial spread is probably maximal, but no proof seems to be known. When q is even the maximality of the analogous symplectic partial spread is a special case of Proposition 4.1.
We have mostly ignored inequivalence questions. Suppose that q is even. The number of inequivalent orthogonal spreads in O + (4m, q)-spaces is not bounded above by any polynomial in q m [18] For a prime p set V = ℤ n p (row vectors) with its usual dot product x ⋅ y. Consider ℂ N , N = p n , with the standard basis labeled B ∞ := {e v | v ∈ V} and the usual hermitian inner product (, ). Let ζ ∈ ℂ be a primitive p th root of unity (so that ζ = −1 if p = 2).
The MUBs mentioned in Section 1 can be described using sets S of symmetric n × n matrices M such that the difference of any two is nonsingular; explicit sets S are in [4; 17; 13] . Each partial symplectic spread Σ can be written ( , y) , (x , y )) = x ⋅ y − x ⋅ y.)
Let Q M : V → ℤ p be a quadratic form associated with the symmetric bilinear form uM ⋅ v on V, so that
where U M is obtained from M by replacing all entries below the diagonal by 0. If See [4; 17] for proofs and the related finite group framework. Our maximal symplectic partial spreads produce sets of MUBs that are maximal within that framework. It is not at all clear that these are also maximal as sets of MUBs in ℂ N , though this may be the case if Σ is sufficiently large.
B Desarguesian ovoids in O

+ (8, q)-space
In order to prove Theorem 7.3 we will consider a specific orthogonal ovoid in an O + (8, q)-space with q > 2 even. Let F = q 3 ⊃ K = q , with trace map T : F → K and norm N :
The q 3 + 1 points ⟨(0, 0, 0, 1)⟩ and ⟨(1, t, t q+q 2 , N(t))⟩, t ∈ F, form an ovoid Ω on which G := SL(2, q 3 ) acting 3-transitively. In [15, p. 1204] this is called a desarguesian ovoid (since it arises from a desarguesian spread of an Sp(6, q)-space using Lemma 6.1(ii) and triality), and it is observed that G has exactly two orbits of singular points of V, one of which is Ω. 
Proof. By the transitivity of G we may assume that p 1 = ⟨(0, 0, π, 0)⟩ and p 2 = ⟨(a, β, γ, d)⟩ for some a, β, γ, d. We need to estimate the number of solutions t to the equations 
For each u this is a K-polynomial in v of degree at most three, and hence has at most three roots v ∈ K if it is not the zero polynomial. Let B be the number of "bad" u for which this polynomial in v is the zero polynomial. Then |p
(the last term occurs since ⟨(0, 0, 0, 1)⟩ may be in the intersection). We will show that B ≤ 2, which produces the bound in the lemma.
The coefficients of our polynomial show that, for a "bad" u, we must have aN(π) = 0, T(βπ q+q 2 ) = 0, Proof. We may assume that p = ⟨(0, β, γ, 0)⟩ with β ̸ = 0. (i) Since p is ordinary, we have seen that β q ∉ Kβ, so that β and β q span ker T.
(ii) By (B.5), p u k j = ⟨(0, 0, β, 0)⟩ behaves as stated. 
Proof. By Lemma B.7(ii) we may assume that p 1 has the form ⟨(0, 0, π, 0)⟩ and p 2 = ⟨(0, β, γ, 0)⟩, where Since T(βπ) ̸ = 0, each v ̸ = 0 determines a unique u. This argument reverses: the intersection size is (q + 1) + (q − 1).
Before continuing we massage (B.9). By Lemma B.7(i), γ = kβ for some k ∈ K. Since dim ker T = 2 we can write β = xπ + yπ q with x, y ∈ K. Since 0 ̸ = T(βπ) = yT(π 1+q ) we have y ̸ = 0 and β ∈ ((x/y)π + π q )K. We may assume that β = aπ + π q with a ∈ K. Then
(ii) We may assume that p 3 = ⟨(0, β , γ , 0⟩) with γ = k β and β = a π + π q for some k , a ∈ K. Then (a + a )(k + k )T(ππ q ) = T(βγ + γβ ) ̸ = 0 since p 2 and p 3 are not perpendicular. Then a ̸ = a , and the two versions of (B.11) imply that π is in every intersection (which is easily checked directly); so is Ω 0 , so that every intersection has size ≥ q + 2. Since any intersection of three sets p ⊥ ∩ Ω has size q + 2 (by Lemma B.8(ii)), so does any intersection of at least four such sets.
(ii) The last three of these four ordinary points correspond to the pairs (a, k) = (0, 0), (1, 1), (a, a 2 ) in (B.10). Then (B.12) and different 3-sets in S produce different values of v, so that | ⋂ p∈S p ⊥ ∩ Ω| = q + 1 if |S| = 4. The remaining sizes are given in Lemma B.8.
C Suzuki-Tits ovoids: background
We will need information concerning a Suzuki-Tits ovoid Ω in an O(5, q)-space U with radical r, where q = 2 2e+1 . The standard view of these ovoids is in symplectic space. For our purposes, the view from an O(5, q)-space has advantages, such as lying in an O + (8, q)-space.
LetΩ denote a standard Suzuki-Tits ovoid in the symplectic 4-space U/r [31] . If ⟨x, r⟩/r ∈Ω then the line ⟨x, r⟩ has a unique singular point. Thus, there is a set Ω of q 2 + 1 singular points of U that projects ontoΩ. The group Sz(q) lifts from a subgroup of Sp(4, q) to a group G < O (5, q) preserving Ω.
See [ Proof. (i) Projecting mod r shows that each point of Ω behaves as stated.
(ii) If x is a singular point not in Ω then each of the q + 1 t.s. lines on x meets Ω since Ω is an ovoid, so that |x ⊥ ∩ Ω| = q + 1. Also, dim ⟨x ⊥ ∩ Ω⟩ = 4, as otherwise x ⊥ ∩ Ω would project into a plane of U/r, and hence be contained in a conic, which is not the case since q > 2 [30, pp. 51-52]. Since ⟨x ⊥ ∩ Ω⟩ lies in the 4-space x ⊥ , these subspaces coincide.
(iii) This is [2, Theorem 1(a)].
(iv) The set of singular points of H is partitioned by q + 1 t.s. lines, and each t.s. line of U meets Ω since Ω is an ovoid. Thus, |H ∩ Ω| = q + 1.
We use the orbits of G to find G H . There are exactly two point-orbits on U/r:Ω and the remaining q(q 2 +1) points. There is a subgroup of G of order q − 1 that fixes four points of U/r and induces all scalars on each of these 1-spaces [14, p. 183] . Since each line containing r has a unique singular point, the two point-orbits on U/r produce four point-orbits on U − {r}.
Since G has five point-orbits it also has five hyperplane-orbits, so that all q 2 (q 2 + 1)/2 hyperplanes H in (iv) lie in an orbit. Then |G H | = |G|/[q 2 (q 2 + 1)/2] = 2(q − 1), so that G H is dihedral of order 2(q − 1), with orbits of size 2 and q − 1 on Ω [25, Theorem 9] .
For the final assertion, if H ∩ Ω lies in two hyperplanes then it is in a plane, and hence is a conic, whereas in (ii) we already saw that ⟨x ⊥ ∩ Ω⟩ = x ⊥ .
2
Remarks C.2. Finally, we collect elementary properties of the group T appearing in Lemma C.1(iv). Consider the action of G = Sz(q) on Ω.
(i) The stabilizer of a circle has order q(q − 1) [25, Theorem 9] and fixes a unique point c. Here G c is a Frobenius group of order q 2 (q − 1).
(ii) A subgroup T of order q − 1 fixes two points c, d ∈ Ω and has q + 1 other orbits on Ω of size q − 1. If 1 ̸ = t ∈ T then t fixes exactly two circles: it lies in a unique subgroup of order q(q − 1) of the Frobenius group G c (or G d ). If C is either of these circles then T is transitive on C − {c, d}.
